A testing problem of homogeneity in gamma mixture models is studied. It is found that there is a proportion of the penalized likelihood ratio test statistic that degenerates to zero. The limiting distribution of this statistic is found to be the chi-bar-square distributions. The degeneration is due to the negative-definiteness of a complicated random matrix, depending on the shape parameter under the null hypothesis. In light of this dependency, bounds on the distribution are introduced and a weighted average procedure is proposed. Simulation suggests that the results are accurate and consistent, and that the asymptotic result applies to the maximum likelihood estimator, obtained via an Expectation-Maximization algorithm.
Introduction
In recent years, gamma mixture models have seen a surge of applications in many fields. Craig and Strassels (2010) examined the out-of-pocket prices of analgesic medications using a two-component gamma mixture model. See also Mayrose et al. (2005) for applications in bioinformatics and the references in . Due to their importance, developing effective and handy statistical procedures for gamma mixture models is an imperative task, in particular for the test of homogeneity. An obvious way of approaching the problem is to use the ordinary likelihood ratio test (LRT). One of the few results available is . The authors showed that when the range of some parameters is unbounded, the LRT statistic diverges to infinity at a rate of log log n and that its asymptotic behaviour is of extremevalue type through a highly complex piece of stochastic analysis. However, their simulation results suggested that the limiting distribution is far from converging to the extreme value distribution and that a possible solution is to simulate the finite-sample null distribution. The peculiar behaviour of the statistic arises because the maximum likelihood estimator (MLE) of some parameters may not be consistent. See, for example, the asymptotic result for R n (ε; I) in . Related problems in general mixture models were also addressed by Ghosh and Sen (1985) , Dacunha-Castelle and Gassiat (1999) , and . In particular, Ghosh and Sen (1985) and showed that the asymptotic distribution involves the supremum of a Gaussian process. See also Liu and Shao (2004) in normal mixture models. However, there are several shortfalls of the above results. Firstly, the results lose their appeal because the supremum of a Gaussian process is difficult to compute . Secondly, the divergence to infinity is so slow that it is not detected in simulation (Liu and Shao, 2004) . The convergence of the test statistic, normalized by log log n, to the extreme value distribution is hardly detectable . Lastly, Hall and Stewart (2005) provided a theoretical analysis on the reduction of power against alternative hypotheses regarding the above results.
In light of the peculiar behaviour of LRT, a resampling approach (McLachlan, 1987; McLachlan and Peel, 2000; McLachlan and Khan, 2004) can be carried out. However, when some of the regularity conditions are restored, especially consistency of the estimator, it is of great theoretical significance to further investigate the likelihood ratio.
The consistency of the MLE in the test for homogeneity has not been solved until the introduction of a clever penalized procedure proposed by . The authors innovated the modified likelihood ratio test (MLRT) by incorporating a penalty function. The MLRT was also developed by Chen and Kalbfleisch (2005) in normal mixture models and further extended to an EM-test by Li et al. (2009) and Chen and Li (2009) . Exact theoretical results on the asymptotic null distribution have been obtained in some special cases. For densities with a single parameter of interest, the MLRT statistic has the limiting distribution 0.5χ 2 0 +0.5χ 2 1 Li et al., 2009) . For the normal mixture model, the statistic has χ 2 2 when the means and the variances are unequal and unknown ). Conceivably, the MLRT falls into the type II likelihood ratio problem (Lindsay, 1995, Section 4.4) which generates the chi-bar-square distributions of which some are parameter-dependent limiting null distributions. The above result in the normal mixture models returns to the χ 2 2 distribution due to loss of strong identifiability , Example 1). Qin and Smith (2006) investigated an extension of the MLRT in multivariate normal mixture models. The authors showed the asymptotic null distribution being a mixture of distributions and suggested it must be found using numerical methods. For models with multidimensional parameters, Zhu and Zhang (2004) analysed the asymptotic properties of LRT and Niu et al. (2011) considered an EM test. Although the problem of estimator consistency has been solved in MLRT and the EM-test, in many other mixture models, such as the gamma mixture models, the results 0.5χ
2 cannot be applied directly without theoretical justifications. The general testing problem has not been completely solved and remains as a long-standing open problem. Charnigo and Sun (2004) acknowledged the generalization of the MLRT to higher dimensional problems and suggested that the null distribution can be obtained by simulation. However, the extension is not at all straightforward as presented in this paper and simulation of the null distribution in the absence of a closed-form expression should no longer be tolerated. A clear guideline has been long overdue for practitioners in the rejection or retention of the homogeneity assumption. The purposes of the paper are to fill this research gap in gamma mixture models and to explore how the limiting null distribution depends on the parameters.
Motivated by the above needs and the importance of the gamma mixture models, this paper aims at investigating the limiting distribution of the MLRT statistic. We obtain the condition under which the MLRT statistic degenerates to zero and determine the proportion of degeneration. Then, we can show that the asymptotic null distribution has parameter-dependent chi-bar-square distributions. This subsequently establishes a foundation for quick model selection using the χ 2 2 distribution in practice. Moreover, in light of the popular Expectation-Maximization (EM) algorithm for parameter estimation in finite mixture models, we demonstrate through intensive simulation studies that our results can be applied to the likelihood ratio statistic evaluated at the MLE obtained via the EM algorithm.
The article is organized as follows. In Section 2, we present the asymptotic results. Section 3 lists a number of considerations in the applications of the results. The asymptotic analysis is supplemented by simulation in Section 4. Section 5 presents two data examples and Section 6 gives a conclusion.
Asymptotic Results
We consider a two-parameter gamma density function
where α > 1 and β > 0 are shape and scale parameters, respectively. Given a set of independent and identically distributed data, we are interested in testing the homogeneity hypothesis H 0 against the alternative hypothesis of a two-component gamma mixture model H 1 where
and 0 < π < 1 is a mixing proportion. In this paper, we study a very general testing problem that the parameters under the hypotheses are all unknown and unequal. This is completely different from the setting in . For parametric hypothesis testing problems it is customary to use the ordinary LRT based on the statistic which is defined as
is the log-likelihood function and
is the MLE of parameter (π, α, α 1 , α 2 , β, β 1 , β 2 ). It is well known that the consistency of the MLE, obtained by maximizing (1) directly, is not guaranteed. See for example Ghosh and Sen (1985) ; Hathaway (1985) ; . This motivates a penalized procedure coined by based on a modified log-likelihood function
where c is a positive constant corresponding to the level of modification. Denote by
) the penalized MLE of (π, α 1 , α 2 , β 1 , β 2 ) obtained by maximizing (2) given a suitable value of c. Adding a penalty function to the log-likelihood regains the consistency of the penalized MLE (Chen et al., 2008; Chen and Li, 2009) . The MLRT statistic is
We study the asymptotic distribution of LR p n which can be expressed as LR 
} .
An immediate asymptotic approximation for LR 0n is (
where Y i is a random vector given by
and
In Appendix A, we derive the following asymptotic approximation for LR
if n
2 is the twodimensional identity matrix,
and Z i is a symmetric random matrix whose elements on the top left, top right and bottom right are, respectively
The random quantity V i is scalar. If n
. Under H 0 , Y i and Z i are random with mean zero. Then, by the central limit theorem , n
W i converges to a bivariate normal random vector with mean zero. We summarize the result in Theorem 1.
Theorem 1. Under H 0 , the asymptotic distribution of LR
p n degenerates to zero with a weight 0 < p < 1 and has a χ 2 2 distribution with a weight 1 − p where p is the probability that the random matrix to which the matrix n
for large n, where χ 2 0 is a degenerate distribution with all its mass at zero and the notation ∼ means 'is distributed like'. (8) is known as the chi-bar-square distributions (Johnson et al., 1994, pg. 454) . A more precise expression for p will be derived in Section 3.2. Hence, the above result will be restated by (10) indicating clearly the dependency on the shape parameter.
The limiting distribution in

Practical Considerations
Estimating p
From the definition of U i in (6), we observe its dependence on the random vector Y i and the random matrix Z i given by (4) and (7), respectively, which are related to the parameter (α 0 , β 0 ) under H 0 . In addition, the estimate of p may also depend on n as the random matrix concerned involves a summation over n random matrices. As a rough visualization of the relations between these variables, we simulate n random variables from f (x; α 0 , β 0 ), compute Y i , Z i and U i , and evaluate the proportions in 10000 replications that n A similar decreasing trend of p s (α 0 , β 0 , n) against α 0 is observed. In addition, the values of p s (α 0 , β 0 , n) get lower at larger sample sizes and seem to converge to some certain level as n grows. Overall, p s (α 0 , β 0 , n) seems to decreases as α 0 increases, but remains constant as β 0 varies. Its possible convergence as n tends to infinity motivates further investigation. Last, it is worth pointing out some merits of the simulation technique. Apart from quick and easy construction of the weight estimate, its use in the construction of a lower bound in a finite samples will be outlined in Section 4.
Asymptotic p
We require some general conditions on Y i , Z i and the products of their elements. In particular,
The expression of each of the elements in matrices M and υ are given in Appendix B. Denote by U i [11] , U i [12] and U i [22] , respectively the elements on the top left, top right and bottom right of U i . By the central limit theorem, the vector on the left-hand side below
converges, as n → ∞, to a random vector denoted by S T = (S 1 , S 2 , S 3 ) having a trivariate normal distribution N 3 with zero mean vector and covariance matrix whose elements are
Hence, the negative-definiteness condition implies that p can be obtained by the following probability
where g (s 1 , s 2 , s 3 ) is the density function of the above trivariate normal distribution. The probability can be easily evaluated by numerical integration using, for example, Wolfram Mathematica . It is important to observe that the integral is independent of β 0 . This can be easily verified by simple transformation in the integration. Hence, the probability may precisely be denoted by p (α 0 ) and the result in (8) is more appropriately written as
A more precise description of the relation of p (α 0 ) as α 0 varies can be obtained by (9). Fig. 1 
as a quick guideline. Given a significance level, H 0 is retained if the observed MLRT statistic falls below the critical value evaluated by the above lower bound, and is rejected if it is above the critical value based on the upper bound.
Weighted Average Procedure
The previous subsections demonstrate the theoretical analysis to the testing problem. However, practical implementation of (10) encounters a drawback in that the value α 0 is unknown. A possible solution is to substitute this value by the parameter estimate, for instance, the maximum likelihood estimateα under H 0 . Then, the weight p (α 0 ) is estimated byα through (9) and the asymptotic null distribution is established as in (10). However, the substitution may suffer a certain degree of bias because all prior beliefs are placed onα. Lindsay (1995) suggested the use of the least favourable null distribution by employing the least favourable critical value within a confidence interval for α 0 . However, the problem remains unsolved if the observed test statistic falls below this least favourable critical value.
In light of the above difficulties, we propose a weighted average procedure to accommodate the estimation error. It is well-known thatα − α 0 is asymptotically normal with mean zero and variance Then, r candidates of α 0,k can be obtained from the normal distribution through
provided that α 0,k ≥ 1. Each of these α 0,k forms an asymptotic null distribution given by (8). The assignment of an equal weight to each α 0,k leads to the asymptotic null distribution
As illustrated in Fig. 1 the convexity of the weight in the shape parameter, the weighted average procedure will give a weight slightly larger than the direct substitution does. The effect of this finite-sample refinement is illustrated in Table 1 . The weights p w (α, r) using n = 100 are slightly larger than those using n = 1000 which are very close to the value obtained by direct substitution p (α). Hence, this procedure tends to yield a smaller p-value than the method of direct substitution leading to a conclusion which is less favourable to the null hypothesis when information from the sample is scarce. Moreover, the input r seems less important compared to the sample size. We shall fix r = 10 in data analysis in Section 5.2.
MLE Obtained via EM Algorithm
Mixture models are getting popular in the statistics literature because of its wide range of applications, including examination of homogeneity of populations, assessment of unimodality and identifications of clusters or outliers.
The introduction of the EM algorithm has further pushed up its popularity. Frühwirth-Schnatter (2006) commented that the EM algorithm is the most common method for parameter estimation in finite mixture models nowadays. However, the penalized procedure will not be considered for parameter estimation of a mixture model, except only when a test of homogeneity is conducted. Given the homogeneous and mixture models, the latter one is fitted to the data by the EM algorithm. The goodness-of-fit may be justified by comparing the values of the log-likelihood. Hence, the EM algorithm has retained the convenience of the ordinary LRT. We will investigate through simulation whether the goodness-of-fit justification is appropriate and under what circumstances it can be applied. Another problem inherited in the MLRT is the possible reduction of power under H 1 . In the twelve cases under study in the simulation, the power is not seriously affected but the reduction in log-likelihood value due to the penalty function should not be overlooked. In light of this, we may use the following conventional likelihood ratio as an alternative statistic
where
is the MLE of (π, α 1 , β 1 , α 2 , β 2 ) obtained via the EM algorithm and itr is the number of EM algorithm iterations given a suitable initial guess. This statistic not only preserves the convenience as the ordinary LRT does, but part of it is also very common in the formation of AIC and BIC in mixture model selection.
The limiting distribution of LR EM itr,n will be given after a brief discussion of the asymptotic characteristics of the EM estimators. In the rest of this subsection, we assume without loss of generality that π ≥ 0.5. The argument in points to the problem that in the ordinary LRT under H 0 , the products
. The EM algorithm suffers a similar problem except that it can never reach the boundary point of π and that the iterations will either slowly mergeα
, or forceπ EM towards one (Lindsay, 1995, Section 3.4 
as n → ∞. The number of iterations itr may be determined based on some stopping rules as outlined in Lindsay (1995) . Our simulation results suggest that when a suitable initial guess, such as the penalized maximum likelihood estimate, is adopted, the increase in the likelihood function is not significant as the iterative run proceeds. Hence, practitioners may pick a number of LR EM itr,n values after the EM algorithm has changed insignificantly and conclude whether to retain or to reject H 0 if these values yield consistent results. The above suggestions essentially preserve the convenience in the use of likelihood-ratio-type tests and avoid power deterioration in applications. The arguments and suggestions in this subsection will be supplemented by the material lifetimes example in Section 5.2.
Simulation
We have conducted an extensive simulation study to evaluate the accuracy of the results. Due to the dependency of p (α 0 ) on α 0 , it is interesting to conduct simulations using different values of α 0 and holding β 0 = 1 with a number of sample sizes. The first statistic under study is LR given by (12) uses the likelihood ratio evaluated at the MLE obtained via the EM algorithm. The extremely slow convergence in the EM algorithm makes simulation studies tedious. Lindsay (1995) pointed out that the solution of the likelihood equations can depend greatly on the initial values. Therefore, we use the penalized MLEs as initial guesses and carry out ten iterations.
We report the empirical sizes obtained from 10000 replications. Two sets of simulations are illustrated in Table 2 . Other sets using different values of α 0 share similar results and hence are not reported. The agreement between the theoretical results and the simulation results is obvious. Improvements are generally obtained when we increase the sample size. The simulation also shows the dependency of p (α 0 ) on α 0 . In Table 3 , we report the proportions of zero statistics obtained from the simulation and the weight p s (α 0 , β 0 , n) obtained from simulation in Section 3.1, and the asymptotic weight p (α 0 ) is This consistently justifies one of the main results of this paper that the degeneration arises from the negative-definiteness of the random matrix. The relatively weak approximation in the sample size of 100 can be explained by the relatively weak second-order approximation given by (5). Lastly, the value p s (α 0 , β 0 , n) is the largest when the sample size is less than 1000. We may replace the lower bound given by (11) by p s (α 0 , β 0 , n) if being smaller as a more prudent benchmark in a finite-sample situation.
Some insights on the power of the tests can be gained. We consider a number of gamma mixture models which are either entirely different in mixing proportion, shape and scale parameters or with some of these parameters being equal. Each of the following alternative hypotheses is formulated to implies that the use of LR EM 10,n may achieve higher power given some extremely small significance level or in some special cases that have not been considered in the simulation.
Data Example
Danish Fire Loss
This example is based on the Danish fire loss data set which consists of 2157 losses exceeding one million Danish Krone from the years 1980 to 1990 inclusive. It is well known that the data set has a heavy right tail in the extreme value literature (Embrechts et al., 1997) . The adequacy of the homogeneous gamma model which has a moderate tail is suspected. We apply the proposed results and methods to see if a two-component gamma mixture model will improve the fitting with further verifications, justified by some goodness-of-fit measures. McNeil (1997) provided a time series plot to check for clustering of large losses and a sample mean excess function to determine heavy-tailed behaviour. The results suggest the validity of the independence assumption and the possibility in modelling excesses over high thresholds using the generalized Pareto distribution. Recently, Wong and Li (2010) proposed a threshold model incorporating the generalized Pareto distribution for excesses and a Weibull distribution for the rest of the observations. This threshold model flexibly gives a global fit and an appropriate tail modelling. These two findings suggest that the loss data are likely to be independent but from a heterogeneous population.
The maximum likelihood estimate of a gamma model is ture model, the penalized procedure and the EM algorithm give 0.5098,15.68,10.09,1.226,0.2040 0.2816,1.256,0.1619,10.19,6.036) which yield the values of the test statistic of 1829 and 1978, respectively. The evidence for the mixture model is overwhelming as both statistics are far greater than the critical values of the χ 2 2 distribution at any reasonable significance level. Further support for this is a goodness-of-fit assessment based on probability-probability plots as shown in Fig. 2 . The gamma mixture model provides a much better fit as the plot exhibits obviously a straight line pattern. This example lends further support to the asymptotic distribution in (10), improvement in power through the use of LR EM itr,n , and demonstrates its simplicity in implementation.
Material Lifetimes
Gamma distributions give useful representations of a number of physical situations such as random processes in time. We consider a set of 101 observations for the lifetime of an aluminium sheet under maximum stress of 21,000 psi. A brief description and the data listed in increasing order are available in Birnbaum and Saunders (1958) . The authors demonstrated a realistic adjustment to exponential models in representing lifetimes in a life-testing situation. Therefore, it is interesting to check the redundancy of a mixture structure in the representation. More insight may be gained by applying our results in studying the data set. EM is closer to one that a jump in the test statistic is observed in the right panel of Fig. 3 . The AIC criterion starts to reject H 0 in the 833th iteration whereas the BIC criterion and the statistic LR EM itr,n at the 5% significance level consistently suggest retention of H 0 in all 1000 iterations. However, the insignificant increase of the statistic in the first 600 iterations suggests early termination of the EM algorithm. Therefore, the suggestions in Section 3.4 are useful. We can consider a number of the test statistics in different iterative steps and apply (13). The results reported in Table 5 consistently suggest the retention of H 0 in agreement with the method of MLRT. 
Conclusion
We investigate the modified likelihood ratio test for homogeneity in twocomponent gamma mixture models. We have found that the limiting distribution of the test statistic is the parameter-dependent chi-bar-square distributions given by a degeneration to zero with weight p (α 0 ) and a chi-square distribution with two degrees of freedom with weight 1 − p (α 0 ). This weight is related to the negative-definiteness of a complicated random matrix dependent on the shape parameter of the homogeneous gamma model. An asymptotic approximation using a trivariate normal probability has been developed for p (α 0 ). All these theoretical results have been revealed through an extensive simulation to be very accurate and reliable.
In applications, the shape parameter is unknown. Based on the behaviour of p (α 0 ), we have developed a lower bound for the retention of the homogeneous hypothesis and an upper bound for the rejection. The bounds have been proved to be extremely useful in simulation and in two real examples. On the rare occasion that the observed test statistic falls between the bounds or if practitioners require an evaluation of the p-value, we recommend the weighted average procedure which takes into account the estimation error of the shape parameter. This procedure has yielded consistent results in a study of the material lifetimes data.
Due to the popularity of the EM algorithm in the analysis of mixture models, we recommend that the likelihood ratio test statistic be evaluated at the maximum likelihood estimates obtained via the EM algorithm. There are some appealing advantages including the preservation of the convenience of the conventional likelihood ratio test procedure and in the prevention of power reduction. The fact that the EM iterative sequence converges slowly allows the selection of a number of observed test statistics. A decision may therefore be based on these statistics by comparing the derived asymptotic null distribution conditional on the consistency of individual estimators. Its simplicity and convenience have been illustrated in the real examples.
A number of interesting insights have been obtained on the form of the asymptotic null distribution and on its practical implementation. We believe many other mixture models share similar characteristics and this deserves further research and discussion. In particular, the parameter-dependent structure of the limiting distribution may not be as simple as our situation in which only the shape parameter is involved. Developing simple decision criteria such as bounds appears to be very challenging.
plus o p (1), where
A re-parameterization using vector parameters γ 1 and γ 2 , where
From Lemma 1 in Charnigo and Sun (2004) 
The maximum value of q * (γ 1 , γ 2 ) is (5) 
